• A large class of different advanced multivariate GARCH models including VAR, ARMA, DCC, aDCC, FDCC, GOGARCH and Copula GARCH models incorporating static and dynamic copulas in modelling the mean returns and variance-covariance matrices involving a symmetric and an asymmetric of GARCH models using multivariate Normal and Student distributions.
Research highlights
• A large class of different advanced multivariate GARCH models including VAR, ARMA, DCC, aDCC, FDCC, GOGARCH and Copula GARCH models incorporating static and dynamic copulas in modelling the mean returns and variance-covariance matrices involving a symmetric and an asymmetric of GARCH models using multivariate Normal and Student distributions.
• We construct optimal portfolios using minimum variance, mean-variance, maximising Sharpe ratio, mean-CVaR and minimising Sortino ratio.
• We evaluate the out-of-sample performance for each model to determine the best model for each optimisation strategy.
• Our results suggest that the dynamic models are more capable of delivering better performance gains than the static models. These models reduce portfolio risk and improve the realised return in the out-ofsample period.
• By adding copula functions to the model, it does not give a better performance models when compared to the dynamic correlation models.
Introduction
With today's challenging environments and highly volatile markets, the study of asset management has become important for organisations in managing their assets to obtain the best possible returns. Asset allocation aims to balance the risk and return by adjusting the percentage of each asset in an investment portfolio based on the investor's specific goals, investment objectives, risk tolerance, and investment horizon. A strategic investment decision that comprises well-diversified portfolio is essential to ensure that the investment objectives can be achieved. The goal is to create a balanced mix of assets which has the growth potential that satisfies the investor's risk preferences and investment objectives. As a result, asset management studies, especially relating to asset pricing, portfolio selection and risk management are growing in importance.
The future forecast is highly dependent on the choice of the volatility modelling. It is known that volatility is not directly observable, which makes it important to have a good model to predict future volatilities.
Obtaining an optimal portfolio requires estimating and forecasting very large conditional covariance matrices of the asset returns which depend on many parameters (Billio et al., 2006; Lee et al., 2006) . Over the past years, several studies have developed methods and approached to examine the dynamics of covariance of assets. Previous studies on asset allocation, mainly in asset management, focus on a limited or specific econometric model to model its asset return covariances, see for example; Ferstl and Weissensteiner (2011) , Hoevenaars et al. (2013) , and Koivu et al. (2005) . One of the widely used models is the Vector Autoregressive (VAR) model which is an extension of the univariate autoregressive model to dynamic multivariate time series. It is useful to consider different multivariate econometric models that can capture different characteristics of the data in selecting the best model to create optimal portfolios.
To deal with a large number of parameters in multivariate models, Bollerslev et al. (1998) suggest a Constant Conditional Correlation model (CCC) such that the conditional correlations are assumed to be constant. This model reduces the number of parameters and thus simplifies the estimations considerably.
However, the assumption of a CCC model may not be realistic in empirical applications of multivariate GARCH models because the conditional shocks are correlated only in the same market, and not across markets (Chang et al., 2013) . Engle (2002) proposes a generalisation of CCC model, by allowing the correlations to change over time, known as the Dynamic Conditional Correlation model (DCC). This model is estimated using a two-steps approach -the estimation of mean and variance by a series of univariate GARCH models and the correlation estimation.
Alternative DCC models also have been proposed in the literature which are aiming to solve problems associated with the basic DCC model. The limits of the DCC model are constrained by the equal dynamics 1
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for the correlations of all the assets (Billio et al., 2006) . To avoid this problem, Billio et al. (2006) propose the Flexible DCC (FDCC) model such that the correlation dynamic is constrained to be equal only between w groups of variables, providing flexible dynamics. Another study by Otranto (2010) examines the performance of optimal asset allocation strategies using FDCC models with regime switching as compared to alternative models. Recently, Aielli (2013) suggests a more tractable dynamic conditional correlation model, known
as a corrected DCC model or cDCC model, which involves the three-step approach that is feasible with large systems and provides unbiased estimations. Recent proposals of multivariate GARCH models include the asymmetric DCC model (aDCC) of Cappiello et al. (2006) , the Copula GARCH of Patton (2004) , the dynamic equicorrelation (DECO) model of Engle and Kelly (2012) and the smooth transition conditional correlation (STCC-GARCH) of Silvennoinen and Terasvirta (2015) .
The copula theory was introduced by Sklar (1959) . It states that any multivariate distribution function can be decomposed into its marginal distributions and a copula function. The application of copula function was only being introduced in the late 1990's in the actuarial sciences and finance field by Li (2000) , Embrechts et al. (1999) and more recently by Hurlimann (2014) and Wu and Lin (2014) . Over the years, copula function has been popular in the financial research, especially because of its application to risk management and asset allocation. However, there are very few works assessing the out-of-sample performance of a portfolio based on the copula model (see for example; Patton (2004) , Ricetti (2013) , Wu and Lin (2014) and Kresta (2015) ).
The first paper that applies asset allocation with the copula function is by Patton (2004) . He uses the copula theory to construct models of the time-varying dependence structure which allow for different dependence during good and bad market conditions, by evaluating the asset allocation in terms of investor's utility. Weib (2013) performed an analysis of the accuracy of the parametric copula-GARCH and DCC models so as to ascertain whether the DCC model outperforms the copula model. He found that the parametric copula models are so easily outperformed by the correlation based model.
There is considerable literature on asset modelling and optimisation of portfolio allocation strategies using different empirical approaches; see, for instance; Vrontos et al. (2013) , Koivu et al. (2005) , Billio et al. (2006) , Boubaker and Sghaier (2013) and Kalotychou et al. (2014) . One of the earliest approaches of the portfolio theory was developed by Markowitz (1952) -a well-known approach known as Mean-variance optimisation.
It is a myopic strategy which assumes that the decision maker has a mean-variance criterion defined over the single period rate of return on the portfolio. Other studies that are related are Sharpe and Tint (1990) , Engle and Colacito (2006) , and Platanakis and Sutcliffe (2014) . Alexander et al. (2006) , Rockafellar and Uryasev (2000) and Bogentoft et al. (2001) have approached the optimisation problem using the minimisation of mean Conditional Value at Risk (CVaR). Bogentoft et al. (2001) use linear programming and introduce a new approach to model asset return by combining a CVaR risk management technique with optimal decisions using sample paths. Rockafellar and Uryasev (2000) showed that CVaR can be efficiently minimised using the linear programming and non-smooth optimisation techniques. By minimising CVaR, the VaR is also reduced since CVaR is greater or equal than VaR. See recent papers by Boubaker and Sghaier (2013) and Huang and Hsu (2015) which propose minimising the CVaR assuming that the dependence structure is modelled by the copula parameter.
Alternative optimisation portfolio strategies include the maximisation of the Sharpe ratio, maximisation of the expected utility and the minimisation of mean absolute deviation (MAD). A study by Luo et al. (2015) compare the performance of each optimal portfolio in an out-of-sample period and found that orthogonal GARCH (OGARCH) model outperformed the other models, such as Markov switching and the EWMA model, in producing an optimal portfolio. Wu and Lin (2014) propose copula-based GARCH models to describe the time varying dependence structure of stock-bond returns while Kinoshita (2015) considers asset allocation problems under higher moments with GARCH effects using the expected utility maximisation, and uses a bootstrap method to measure the performance of the portfolio. Recently, Fulga (2016) proposes a bi-objective portfolio optimisation model involving efficient portfolios of a disutility-based risk measure (DCVaR), known as Mean-DCVaR that constitutes an improvement over Mean-CVaR or Mean-Variance model. It is important to develop an optimisation model for supporting the decision-making concerning the allocation of assets so that the investment goals are achieved.
This paper makes several contributions to the literature. First, this paper involves a large class of different advanced multivariate GARCH models. We use 26 different model specifications using multivariate GARCH processes in modelling the mean returns and variance-covariance matrices. Specifically, we use a symmetric GARCH model and an asymmetric version of it (GJR-GARCH) such that the models are implemented with the multivariate Normal and Student distributions. For the conditional mean dynamics, this study allows a constant, univariate AR, ARMA or VAR model to be fit. In general, the model specifications to model covariances includes DCC models, aDCC models, FDCC models, Generalised Orthogonal GARCH (GOGARCH) and Copula GARCH models. For the DCC models, the conditional mean is jointly estimated with the first stage GARCH while, for the GO-GARCH models, the dynamics for the conditional mean are defined from the general ARFIMAX model of Engle et al. (1987) assuming constant variance to obtain the parameter estimates. The Copula-GARCH models are implemented using the static and dynamic (DCC) estimation of the correlation. By employing different model specifications, we are able to explore the empirical applicability of the multivariate GARCH model when estimating large conditional covariance matrices. Second, from the above modelling, we construct optimal portfolios using different optimisation models, namely mean-variance, maximisation of the Sharpe ratio and mean-CVaR. By using different econometric models, we are able to capture different characteristics in the data which improve the portfolio performance and are useful for the construction of optimal portfolios. We design a comparative study that considers the results of each asset return covariances model to see which model is the best in each optimisation strategy. This paper differs from previous studies by assesing the out of sample performance of large groups of multivariate GARCH models in different optimisation schemes considering portfolios with and without short sales.
Most of the existing literature compares the performance of limited GARCH models, and they are based on a specific optimisation model. Several studies have tried to examine the effectiveness of using parametric copula in estimating portfolio risk measures, but they have been inconclusive. It is still not clear whether or not it is optimal to use Copula GARCH over the sophisticated DCC model. This study, therefore, will provide useful insights for those wishing to explore the different GARCH models that are available and use a dynamic approach for asset allocation and portfolio construction purposes.
The remainder of the paper is organised as follows: Section 2 discusses the econometric models we use to model the asset returns covariances. Section 3 describes the portfolio optimisation strategies used to construct optimal asset portfolios and look at how the models evolve. Section 4 presents the data, empirical analysis and results of the proposed models and methods while Section 5 provides concluding remarks and identifies the shortcomings and future implications of the study.
Econometric Models for Asset Return
In this section, we consider different econometric methodologies to model mean asset return and covariances. Volatility has some characteristics that are not directly noticeable but are commonly seen in asset returns; i.e presence of volatility clustering in the data, a volatility jump is rare, stationary, and has a leverage effect (Tsay, 2013) . Various volatility models were introduced, particularly to correct the weaknesses of their inability to capture the characteristics mentioned previously.
Consider the vector stochastic process, x t which is the T × 1 vector of log returns of n assets at time t and µ t is the T × 1 vector of the expected value of conditional x t such that µ t may be modeled as a constant vector or a time series model. The multivariate GARCH models are written as:
where t is the residuals of the process which follows a conditionally multivariate normal distribution with mean 0 and time varying conditional covariance matrix H t given Φ t−1 is the information set at time t − 1.
The residuals are modelled as,
where H t is T × n positive definite matrix of conditional variances of x t at time t. H 1 2 t is the Cholesky factorisation of the time varying conditional covariance matrix of H t . The symbol z t is T × 1 vector of independent and identically distributed random errors such that E[z t ] = 0 and E[z t z t ] = I T , whereby I T denotes the identity matrix of order T . The conditional covariance matrix H t of x t may be defined as,
where F t = {x t , x t−1 , . . . }. We use different specifications for multivariate GARCH processes of forecasting mean asset return and covariances. By using different econometric models, we are able to capture different characteristics in the data which improve the portfolio performance and are useful for the construction of optimal portfolios. We then compare the results of each model to see their ability in optimising portfolio.
Modelling mean returns
There are various models for time series which are oftenly divided into the autoregressive (AR) models and the moving average (MA) models. The AR(m) model can be written as:
For the moving average, the MA (n) refers to:
These models are commonly used to generate new models such as the Autoregressive Moving Average (ARMA) or Vector Autoregressive (VAR) model. We model the mean returns using different estimation processes, either using a constant mean, AR, ARMA or VAR model.
Autoregressive Moving Average (ARMA)
The ARMA model provides a parsimonious parameterisation and further simplification in modelling multivariate time series. It has both stationary stochastic processes of the autoregression and moving average methods which are applied to a multivariate time series data. The ARMA (m,n) model refers to the m autoregressive terms and n moving average terms which includes the AR (m) and MA (n) models. The mean of the process which is modeled by ARMA (m,n) is written as:
where φ 0 ∈ R and α i and β i are T × n diagonal matrices. The autoregressive coefficients is denoted by φ i and moving average coefficients is denoted by θ j if there exist real coefficients φ 1 , . . . , φ m and θ 1 , . . . , θ n such that t is the linear innovation process of x t . φ i and θ j are T × n matrices with φ i = 0 and θ j = 0.
Vector Autoregressive (VAR)
The most commonly used multivariate econometric model is the VAR model. We allow the conditional mean to follow a VAR structure such that the model for the process can be represented by,
where x t is vectors and c denotes T × 1 dimensional vector of constants. φ 1 , . . . , φ m is parameter matrices.
This model has an important characteristic which is its stability. It generates stationary time series with time invariant means, variances and covariances.
Modelling covariances matrix
We use different specifications for multivariate GARCH processes of forecasting a variance-covariances
(GOGARCH) and (v) Copula GARCH (C-GARCH).
Dynamic Conditional Correlation (DCC)
The DCC model was proposed by Engle (2002) which is a generalisation of the Constant Conditional
Correlational (CCC) model from Bollerslev et al. (1998) to allow for the time varying correlation matrix of multiple asset returns. In the CCC model, the conditional covariance matrix is decomposed into conditional standard deviations and a constant correlation as:
where D t is the T × n diagonal matrix of time varying standard deviations from univariate GARCH models,
. . , √ h nt ) and R = ρ ij is the positive definite constant conditional correlation matrix with ρ ii = 1 for i = 1, . . . , n. The off diagonal elements of H t , are given by:
This model is computationally attractive and simple because of the constant correlation. However, the assumptions of constant conditional correlations may be unrealistic in practice and it may be too restrictive in some cases. The DCC model was introduced by Engle (2002) to allow the time varying correlation dynamics, R = R t . It is defined as:
such that x t is a T × 1 vector of log returns of n assets at time t. t is a T × 1 vector of mean corrected returns of n assets at time t such that E[ t ] = 0 and Cov[ t ] = H t and µ t is a T × 1 vector of the expected value of the conditional x t . H t is a T × n matrix of conditional variances of t at time t and D t is a T × n diagonal matrix of conditional standard deviation of t at time t. Note that the conditional correlation matrix of t is time varying now and denoted by symbol R t . While z t is T × 1 vector of independent and identically distributed random errors such that E[z t ] = 0 and E[z t z t ] = I T .
The conditional variances, H t can be estimated separately by a simple univariate GARCH specification of,
where g i is T × 1 vector of constant, α i and β i are T × n diagonal matrices.
t−m = t−m t−m is the Hadamard product which is the element by element product. H t is a positive definite matrix such that g i > 0 and α i , β i ≥ 0. R t is also a positive definite conditional correlation matrix of the standardised disturbances of z t such that:
So the elements of H t = D t R t D t with ρ ii = 1 is now written as:
The conditions for the positivity of the covariance matrix H t requires R t to be positive definite, g i and all diagonal elements of matrices β i and α i are all positive. Therefore, to ensure that, we need to decompose R t into:
. . , √ q nt ) and a and b are non-negative parameters to be estimated such that a+b < 1 to ensure stationarity and positive definiteness of Q t . Engle (2002) estimatesQ using the following equation:
In general, the DCC GARCH model is written as in Engle (2002):
This model is estimated using a two-step approach -the first implies the estimation of univariate GARCH and the second step is the correlation estimation. The number of the estimated parameters in the correlation process of DCC GARCH is independent of the number of series correlated, hence allowing for a potentially large correlation matrices to be feasibly estimated. The limitation of this model is to hypothesise the same correlation dynamics of all the assets (Billio et al., 2006; Otranto, 2010 
The conditional variances, H t is assumed to follow the GJR-GARCH models given by:
where w i , α i , β i , γ i > 0, and Ψ i,t−m is an indicator function such that Ψ i,t−m = 1 if i,t < 0 and 0 otherwise. In this model, the equation (14) can be extended to consider the asymmetries which may be written as following: 
where η t is the standardised residuals, η t = D −1 t t and the variables c, a and b are partitioned n-dimensional vectors of groups of assets with the following form:
such that m i (i = 1, . . . , k) is the number of assets in the group i (and similarly for b and c). i h is an h-dimensional vector of ones. The coefficients must satisfy these constraints:
such that k is the number of blocks or asset classes. The dynamics is equal only for group of assets and not for the whole correlation matrix due to the block structure of the coefficients matrices. For the purpose of our analysis, we divided the assets into two blocks -stock indices group and bond indices group. This is reasonable since the correlation dynamics within the stock group is almost similar from one asset to another and this is also the same for bond indices.
Generalised Orthogonal GARCH (GOGARCH)
Another type of multivariate GARCH known as Orthogonal GARCH (OGARCH) was first proposed by Ding (1994) and Alexander and Chibumba (1996) . The observed time series can be linearly transformed to a set of uncorrelated time series using a principal component analysis. This model has commonly been used in much research to model the conditional covariance of financial time series due to its feasibility in estimating a large covariance matrices, see for example, Luo et al. (2015) and Weide (2002) . For non-Gaussian data, the independent component analysis (ICA) is used to perform the orthogonal transformation. Weide (2002) applies the concept of ICA to propose the generalisation of the OGARCH (GOGARCH) model for volatility modeling. It consists of a set of conditionally uncorrelated univariate GARCH and a linear map that allows the linkage between these components and the observed data (Boswijk and Weide, 2006) .
Consider a set of n assets with returns x t which are observed for T periods, with conditional mean of
F t is the information set at time t, which is the σ-algebra generated by the lagged values of the outcome process of x t , that is F t = σ(x t−1 , x t−2 , . . . ). The GOGARCH model of Weide (2002) maps x t − m t onto a set of unobserved independent factors f t . The process x t satisfies the representation:
where f t = (f 1t , . . . , f nt ) . C is a non singular matrix which is invertible and constant over time. It may be decomposed into the de-whitening matrix Σ 1/2 t which is the square root of unconditional covariance and an orthogonal matrix U 0 . U 0 is estimated using a computational method for separating multivariate mixed signals into additive statistically independent and non-Gaussian components using ICA (see Broda and Paolella (2009) and Zhang and Chan (2009) ).
Let C be the map that links the uncorrelated components with the unobserved process, so that:
The factors are represented as:
such that H t = E[f t f t |F t−1 ] is a diagonal matrix for all t with elements (h 1t , . . . , h nt ) which are the conditional variances of f t . The symbol z t is T × 1 vector of independent and identically distributed random errors such that E[z t ] = 0 and E[z t z t ] = 1 which implies that E[f t |F t−1 ] = 0 and E[ t |F t−1 ] = 0. The returns for the GOGARCH model may be expressed as:
For the conditional covariance matrix, it may be written as:
Similar to the idea of DCC models, it is better to describe the multivariate random variable by using a Copula function which capture and model non-linear relationships between the asset returns. In the multivariate GARCH, the model assumes that stock and bond returns follow a multivariate normal or student distribution with linear correlation, and these assumptions are normally disregarded in many empirical finance studies. This study proposes various copula-GARCH based models considering the static version of copulas and dynamic copulas (more realistic in describing time varying dependence structure between assets returns). We then examine the out-of-sample performance and compare it with other models discussed earlier.
Let F 1 (x 1 ), . . . , F n (x n ) be the marginal distributions with a random vector X = (x 1 , . . . , x n ). The random vector has uniform marginal distributions when we apply the probability integral transform to Sklar (1959) showed that the copula can be depicted as:
such that n-dimensional copula C(u 1 , . . . , u n ) is an n-dimensional random vector on [0, 1] d with uniform marginals. The copula can be deduced from equation 27 directly as:
The copula of (X 1 , X 2 , . . . , X n ) is defined as the joint cumulative distribution function of the continuous marginal distributions which may be written as:
The density function may be obtained as:
such that f i are marginal densities and F
−1 i
is the quantile function of the margins. The density function of a copula is given by:
We use elliptical copulas which have been used widely in the literature for multivariate volatility modelling, i.e Gaussian and the Student-t copulas. The d-dimensional Gaussian copula C GA (u 1 , u 2 , . . . , u n ) is an n-dimensional distribution over the unit hypercube [0, 1] n with uniform margins. The dependence structure is determined by the standardised correlation matrix R such that the dipersion parameter, ρ 1,n is estimated using Kendall's τ method. The Gaussian copula is represented by:
. . .
The density of the Gaussian Copula, of the d-dimensional random vector X may be written as in E. Bouye and Roncalli (2000):
where ς = (φ −1 (u 1 ), . . . , φ −1 (u n )) representing the quantile of the Probability Integral Transformed (PIT) values of X, f g is the multivariate density of the normal distribution, f i is the density of the margin and I is the identity matrix. The Gaussian copula is not able to account for tail dependence. Student-t copula model allows for joint fat tails and an increased probability of joint extreme events as compared to Gaussian copula. This copula may be represented as:
and the density of the Student-t copula as:
where ς = (t
. In Student-t Copula, the dependence structure introduces an additional parameter which is the degree of freedom ν. As the value of ν increases, the tendency to exhibit extreme co-movements decreases. In our study, the Copula-GARCH models are implemented using the multivariate Normal and Student-t distributions, with static and dynamic (DCC) estimation of the correlation. The margins and PIT estimation are performed using a parametric density approach following Joe (1997) . For the dependence measures, we use Kendall's τ as this method are based on order statistics of the sample which makes no assumption about the marginal distribution but depends only on copula C. Kendall's τ is defined as:
where (X i , Y i ) and (X j , Y j ) are vectors of random variables. Kendall's τ measures the difference between the probability of concordant and discordant pairs. The pairwise measure of concordance may be represented in terms of copula functions as:
We also extend our analysis to include the dynamic copula models as investigated by Patton (2006) such that the vector stochastic process of financial returns be x t = x it , . . . , x nt follows a copula GARCH model with µ t modeled as a time series model given by:
Similar to other DCC models, the conditional variances, H t can be estimated separately by a simple univariate GARCH specification. For the conditional density, it is given by:
where
is the PIT transformation of each series which are estimated using parametric approach via the first stage GARCH process. The symbol F −1 i (u it |η) represents the quantile function of the margins subject to the common shape parameter, ν, of the multivariate density function.
Optimal Asset Portfolios
Modern portfolio theory proposes how investors should diversify their investments to optimise their portfolio of risky assets. We employ five different optimisation strategies which are the minimum variance, mean-variance, maximising Sharpe ratio, mean-CVaR and minimising Sortino ratio. In the following portfolio problem, we construct efficient portfolios with and without short sales which sets box and group constraints on the weights such that the weights for each assets and the weights of groups of selected assets are restricted by lower and upper bounds; i.e. (i) portfolio without short sales where no more than 30% is invested in each asset (that is, 0 ≤ x i ≤ 0.3, i = 1, . . . , n) and (ii) portfolio with short sales; where a percentage between -0.3% to 0.3% is invested in each asset (that is, −0.3 ≤ x i ≤ 0.3, i = 1, . . . , n) and 50% is the maximum percentage to invest in bonds and stocks.
Minimum Variance
The asset returns are assumed to be normally distributed and each investor wants to maximise their portfolio return at a minimal risk. This portfolio problem involves quadratic programming with linear constraints such that we want to construct an efficient portfolio with the lowest possible risk. We determine the optimal proportion allocation w i to the ith asset, where
with the returns x i such that i = 1, 2, . . . , N and
is an independent and identically distributed random vector. To characterise the portfolio, the expected return of a portfolio is written as:
and the variance of the portfolio is given by:
where Q is a T × n estimate of the covariance matrix of the assets returns. The vector w denotes the weight of the asset subject to the condition of 0 ≤ w i ≤ 1 for portfolio without short sales. To solve the optimisation model, we choose to construct a portfolio of minimal risk:
Mean-Variance
In a mean variance optimisation model, we want to construct an efficient portfolio with the lowest possible risk such that the return of the portfolio is greater than the target return. The mean-variance portfolios is constructed based on the following optimisation problem:
Maximising the Sharpe Ratio
Now, we consider another alternative of optimisation strategy that instead of minimising the risk, we maximise the Sharpe ratio for a given risk free rate. Let r f be the risk free rate. We consider,
The p-dimensional vectorμ is the estimates of the expected mean of the assets.
Mean-CVaR
The mean-CVaR portfolio can be solved using a standard linear programming solver. Given a confidence level β and a fixed x ∈ X, VaR is defined as the smallest number l such that the probability of a loss L is not more than 1 − β for losses greater than l.
where F L is the distribution function of the losses. The mean-CVaR optimisation model is formulated as:
such that R ≥ r target .
Minimisation of the Sortino ratio
The last optimisation strategy is the max return/risk portfolio which is calculated by minimising the Sortino ratio for a given risk free rate. The Sortino ratio is a modification to the Sharpe ratio such that this ratio uses downside deviation rather than standard deviation as the measure of risk. The sortino ratio, S is defined as the ratio of the target return lowered by the risk free rate and the CVaR risk. The risk free rate is set at r f = 0.
Data and Empirical Results
In this study, we consider 12 assets consisting of eight stocks and four bond indices of 10 years maturity, in the United States (US), United Kingdom (UK), Germany, Japan, Netherlands, Canada and Hong Kong.
In particular, our data set consists of monthly observations on eight stock indices, which are, FTSE100
Index, MSCI Europe Excluding UK Index (MSEXUK), S&P 500 composite index (S.PCOMP), DAX30
Index ( The historical monthly returns of these stocks from the preceding 240 months (from January 1985 to December 2004) are used as the in-sample period to estimate the models. The monthly returns for the considered time period are given as in Figure 1 . From the figure, it is evident that the presence of the volatility clustering in the data whereby a low volatility period was followed by a low volatility period for a prolonged time and so does when it is in a high volatility period. Volatility clustering indicates the presence of serial correlation in the asset returns. It is also obvious that the volatility of the series changes over time. Table 1 presents the basic statistical characteristics of the time series. There are substantial differences in the characteristics for each of the analysed asset return series, as expected; the stock indices have high average returns with a high volatility, while the bond returns have relatively lower average returns and volatilities. The kurtosis for all of the assets ranges from 0.4 to 8.9, indicating fat tails in the asset return distributions. For the skewness, most of the assets are negatively skewed, indicating a distribution with an asymmetric tail extending toward more negative values. The results indicate that the asset returns exhibit skewed distributions, large variance and they are not normally distributed which means that a time varying conditional volatility exists. A normal distribution must be symmetric with excess kurtosis of zero. Note that ** represents the p-value of < 0.05, indicating that the null hypothesis of no autocorrelation is rejected at 95% confidence level (Critical value of 21.026).
We also examine if there is evidence for serial correlations in the asset returns by using the Ljung-Box Q(m) test statistics for the rates of return R t , absolute rates of return |R t | and squared rates of return R 2 t (see Table 1 ). There is evidence for a high level of autocorrelation in the absolute returns and the squared returns in which the null hypothesis of no autocorrelation is rejected at 5% level of significance for almost all of the assets series (** represents the significant p-value).
To test for normality, we conducted Shapiro test and obtained a p-value of 2.2e −16 which again rejects the null hypothesis, indicating that the distribution is not normal. Statistical tests on these data indicate that the hypotheses for normality cannot be accepted for the majority of the assets. We use the covariance matrix of the portfolio to quantify the deviation from the expected return and to capture the investment risk, given the standard deviations and the covariance, the correlation can be determined from ρ ij = σiσj σij . Table 2 reports the pairwise correlation coefficients for the analysed asset returns. 
It is evident that the correlations within the stock indices and bond indices are relatively high. However, the pairwise correlation coefficients for the remaining pair asset returns exhibit low to medium correlations, indicating a potential for risk diversification in the constructed portfolio. The results confirm the presence of the stylised facts such as heavy tails, volatility clustering and heteroskedasticity in the asset returns distributions. The multivariate GARCH models are suitable to use to deal with these kinds of data.
Empirical Analysis
The objective of this study is to investigate which econometric model gives the best estimates for the asset return and covariances in constructing optimal portfolio. By using different econometric models, we expect that this approach will be able to capture different characteristics in the data and will have economic impacts to optimal asset portfolio construction. As mentioned in Section 4, we split the data set of 360 observations period into 240 initial in-sample estimation period, for the parameter estimation and model selection to get the forecast for asset return and covariance matrix. Then, we have an initial out-of-sample period of 120 evaluation period, to evaluate the performance of the portfolio over the period. Mean-CVaR and minimising Sortino ratio.
Evaluating the out-of-sample portfolio performance
To measure the performance of the portfolio, we evaluate 120 out-of-sample periods and perform the optimal asset allocation with a difference covariance estimator depending on the time period for each of the optimisation models. We repeat the exercise several times using twenty six different model specifications below while considering efficient portfolios with and without short sales.
•
4.2.1. Efficient minimum variance portfolio without short sales Table 3 presents the out-of-sample portfolio performance of minimum variance portfolio without short sales and restricting the portfolio weights to be 0 ≤ x i ≤ 0.3, i = 1, . . . , n and the investment must be 50% in stocks and 50% in bonds. In general, the empirical results suggest that the dynamic models are able to deliver performance gains over the static models. Table 4 presents the average weight of an efficient portfolio without short sales using the minimum variance. We observe that all models invested mainly in BMBD10Y which is a bond index, ranging from 20% to 30% out of the overall investment. The next biggest allocation then goes mostly to stock indices such as FTSE100, S&PCOMP and TTOCOMP with around 10% to 22% of total investment. Note that, most of the models allocate only a very small percentage to DAXINDX with only 0 to 1% out of total investments.
Efficient minimum variance portfolio with short sales
The results presented in Table 5 are based on the out-of-sample performance of the constructed minimum variance efficient portfolio with short sales based on the constraints of the portfolio weights to be −0.3 ≤ x i ≤ 0.3, i = 1, . . . , n and the investment must be made at most 50% in stocks and 50% in bonds. By using these constraints, we observe that the multivariate aDCC-MVT once again outperforms the other models. The aDCC-MVT has the highest cumulative return of 57.34% with the Sharpe ratio of 0.2603 but at a higher risk of 1.89%. On the other hand, the GOGARCH-MVN and DCC-MVT models both produce a high average return at a lower risk. By incorporating the copula function, we can see that it does not bring any improvement to the model performance. For mean-variance portfolios with short sales, the GOGARCH, DCC and aDCC models perform well compared to the other models.
Similar to the portfolio without short sales, all models have invested mainly in bonds (the highest allocation is to asset BMBD10Y with about 30% of the investment), while a substantial fraction of the investment is allocated to stock indices (see Table 6 ). This is expected since bond indices are known to be 'safer' as they have medium volatilities with lower average returns. If the investor is risk-averse, then he or she will take the risk of investing in a higher risk portfolio with a hope of getting a better return from the investments.
Note that the allocation to DAXINDX, AMSTEOE, HNGKNGI, BMUK10Y and BGILALL are different across the models. 
Efficient mean-variance portfolio without short sales
Similarly, using the same constraints, we obtained the results of the out of sample performance of meanvariance optimisation without short sales as presented in Table 7 . Given a target return, r target = 0.33%, we observe that the multivariate DCC-MVT has the highest cumulative return of 40.99% and achieve a higher sharpe ratio of 0.1528. Next, we present the average weight of an efficient portfolio without short sales using the mean variance optimisation. On the basis of the results in Table 8 , similarly to minimum variance portfolios, we observe that all models invested mainly in the bond index BMBD10Y, ranging from 26% to 30% out of the overall investment. FTSE100 also has a high allocation at around 10% to 22% across all modeling approaches. Most of the model do not invest in the stock HNGKNGI which have high volatility while some model allocate a very small proportion (around 1% only). 
Efficient mean-variance portfolio with short sales
For the optimal mean-variance portfolios with the weights constraints of −0.3 ≤ x i ≤ 0.3, i = 1, . . . , n, with a target expected return of 0.34%, the results is presented in 9. We can see that the multivariate aDCC-MVT, VAR-MVT and VAR-MVN outperform the other competing models. In general, these models have higher sharpe ratio of 0.2100 (aDCC-MVN), 0.1716 (VAR-MVN) and 0.1715 (VAR-MVT). These models also have lower values of the corresponding risk measures such as the volatility and the value at risk values. In general, when we allow short sales, we observe that all modeling approaches sell short the stock HNGKNGI ranging from -1% to -6%. On the other hands, all models take long positions of their portfolios to FTSE100, S&PCOMP, TOKYOSE, TTOCOMP, BMUK10Y and BMUS10Y. 
Efficient portfolio based on maximising Sharpe ratio without short sales
In this section, we construct an optimal portfolio based on maximising the Sharpe ratio for a portfolio without short sales. The results are presented in Table 11 assuming the risk free rate, r f to be 0%. From the results, we observe that the multivariate AR-GG-MVN outperforms the other models, by having the highest value in three out of five of the portfolio measurements with a high risk of 2.49%. The other best optimal models are ARMA-MVT and ARMA-MVN. The results for the maximisation of Sharpe ratio show that it has a better portfolio in terms of higher return and Sharpe ratio as compared to the mean-variance optimisation. However, this optimisation strategy has a higher risk in all of the models when compared to the mean-variance strategy. Table 12 presents the average weight of an efficient portfolio without short sales based on maximising the Sharpe ratio. In mean-variance optimisation, the biggest proportion of investment goes to BMBD10Y, while in maximising the Sharpe ratio, all models invested mainly in BGILALL which is also a bond index, ranging from 20% to 30% of the overall investment. 
Efficient portfolio based on maximising Sharpe ratio with short sales
When we allow short selling, such that the constraints of the portfolio weights to be between −0.3 ≤ x i ≤ 0.3, i = 1, . . . , n, we obtained a more attractive portfolio as we have a higher monthly return, higher cumulative return and higher Sharpe ratio in most of the models as compared to the portfolio without short sales. The risk free rate, r f is assumed to be 0%. Table 13 presents the results obtained from constructing an efficient Sharpe ratio portfolio with short sales. From the results, we observe that, once again, the multivariate AR-GG-MVN, ARMA-MVN and ARMA-MVT, outperform the other models. The AR-GG-MVN and ARMA-MVN models have the highest risk of 2.63% among all models whereas ARMA-MVT has a slightly lower risk of 2.59%. The average weight of an efficient portfolio with short sales based on maximising the Sharpe ratio is presented in Table 14 . Similarly as with the portfolio without short sale, the biggest asset allocation goes to BGILALL with about 18% to 30% out of the total investment. Note that some assets have different allocations across the models. 
Efficient portfolio Mean-CVaR portfolio without short sales
In the Mean-CVaR optimisation, we compute the optimised efficient portfolio which has the lowest risk for a given return. The portfolio is constructed by minimising the conditional value at risk using 95% probability level, with similar restrictions as in other models. When the portfolio is in the long position, the result is presented as in Table 19 . The aDCC-MVN once again outperform other models with the highest average return of 1.75%, followed by ARMA-MVN which recorded average return of 1.73% with a similar volatility of 2.27%. The highest asset allocation in this model, mainly goes to stock TOKYOSE, which dominating the portfolio with about 10% to 30% of allocation. The other main allocation goes to bond indices such as BMBD10Y and BMUS10Y with around 8% to 30%. The average weights for the analysed assets are presented in Table 20 . Table 21 reports the monthly average returns of the constructed portfolios, the cumulative returns, risk and value at risk at 90%, 95% and 99% probability levels. The portfolio allows short selling, that is the portfolio is constructed when we restrict the portfolio weights to be −0.3 ≤ x i ≤ 0.3, i = 1, . . . , n, with a target expected return of 0.34%. The results shows that the multivariate ARMA-SCop-MVN has the highest average return of 4.81% with a higher risk of 3.20%. Note that, model such as a-SCop-MVN has a higher average return of 4.62% and highest sharpe ratio of 1.5803 with a much lower risk of 2.92%. Table 22 indicate that the allocation to assets MSEXUK, S&PCOMP, DAXINDX, AMSTEOE, HNGKNGI, BMUS10Y and BGILALL are different across models. It is also interesting to note that, only the model a-DCop-MVT short sell the asset TOKYOSE when the other models remain in long position. In particular, all model invested heavily in bond indices such as BMUK10Y and BMBD10Y, with a range of 15% to 22%
and 11% to 30% respectively. Now we consider the case of the efficient Sortino ratio portfolio without short sales. This portfolio is constructed by minimising the Sortino ratio for a given risk free rate with same weight restrictions as in previous models. The sortino ratio is the ratio of the target return lowered by the risk free rate and the CVaR risk. Table 19 reports the performance results for the portfolios. DCC-MVT has the highest average return of 1.94%, cumulative return and also the highest Sharpe ratio. The other best models are aDCC-MVT, a-Dcop-MVT and SCop-MVT. The highest asset allocation in this model, mainly goes to bond indices such that the assets BMUK10Y, BMUS10Y and BMBD10Y dominate the portfolio with about 7% to 20% of investment in these assets. This is true for the entire model in mean-CVaR efficient portfolios without short sales. The average weights for the analysed assets are presented in Table 20 . We construct an optimal portfolio based on minimising Sortino ratio with short sales such that the portfolio weight is restricted to be between −0.3 ≤ x i ≤ 0.3, i = 1, . . . , n at 95% probability level. Table 21 reports the performance measure for this optimisation strategy. The results show that DCC-MVT has the highest monthly average return, highest cumulative return and highest Sharpe ratio. But this model has the highest risk as compared to the other models. On the other hand, models like FDCC-MVN, aDCC-MVN, SCop-MVN also have a high return with a high Sharpe ratio at a much lower risk.
The average weight of asset portfolios constructed based on minimising Sortino ratio is reported in Table   22 . The asset allocation for assets MSEXUK, DAXINDX, AMSTEOE, HNGKNGI, and BGILALL are different across models. The allocation to TOKYOSE asset is high, around 10% to 25% of total investment in most of the models. It is interesting to note that only the model ARMA-DCop-MVN involves the short selling for this optimisation strategy when other models decided not to short sale this asset. This is also happening to asset TTOCOMP for the model a-SCop-MVN. 
Conclusion
In this paper, we perform a comparative study on the performance of portfolios by constructing optimal portfolios that maximise the investor's return for the minimum level of risk. This study involves the use of advance econometric models in forecasting variances and covariances of asset returns and applies it to construct optimal portfolios based on several optimisation models; i.e., minimum variance, mean-variance, maximising Sharpe ratio, mean-CVaR and minimising Sortino ratio. We compare the performance of each model using different risk measures.
In the empirical application, we compare different multivariate GARCH models, VAR, ARMA, DCC, aDCC, FDCC, GOGARCH and Copula GARCH models by using the Normal and Student distributions involving static and dynamic copulas. The use of the multivariate DCC-GARCH family is particularly appealing as it preserves the ease of estimation with a small number of parameters involved, thus solving the problems of dealing with a large number of parameters in other multivariate models. We consider different models for the asset allocation process and also for risk management purposes to see which is the best model in optimising the portfolio return in a pension fund. The analysis focuses on 12 assets consisting of 4 bond and 8 stock indices. The results confirm the presence of heteroskedasticity, fat tails and volatility clustering in the asset returns of the data. We fit the multivariate GARCH models to the portfolio returns to get the estimation of the variance-covariance matrix. Then, for the asset allocation, we consider the box-group constrained portfolio whereby the weights for each asset and the weights of groups of selected assets are constrained by lower and upper bounds.
Specifically, for the minimum variance portfolios, we found that the multivariate aDCC-MVT outperforms the other models, by having the highest average monthly return, cumulative return and Sharpe ratio for both portfolio with or without short sales. When we construct the portfolio using the mean-variance such that we set the return of the portfolio to be greater than the target return, we found that, the multivariate DCC-MVT, aDCC-MVN, VAR-MVN and VAR-SCop-MVN have good performance measures as compared to the others. As for maximising the Sharpe ratio, the model AR-GOGARCH-MVN along with ARMA-MVN beats the other models. For the mean-CVaR optimisation, we found that the model DCC-MVT, aDCC-MVT, FDCC and a-DCop-MVT are comparatively the best models. Finally, when minimising the Sortino ratio, we observe that once again the model DCC-MVT, aDCC-MVT, a-DCop-MVT and FDCC provides the best out-of-sample performance.
Our results suggest that the dynamic models are more capable of delivering better performance gains than the static models. These models reduce portfolio risk and improve the realised return in the outof-sample period. This paper concludes that by adding copula functions to the model, it does not give a better performance models when compared to the dynamic correlation models. Our results are consistent with Weib (2013) and Ricetti (2013) , such that the DCC models are not easily outperformed by any of the parametric copula models. The copula model may not perform well when involving many related assets, hence we only use stock and bond indices in this study. These findings are useful for portfolio optimisation and risk measurement in pension schemes. It will help the fund manager to decide the best investment strategies that will ensure maximum benefit for its members.
This study can be extended in several ways. The problem has been solved using limited restrictions on the weights of the constructed portfolios; we only restrict the weights to be between 0 ≤ x i ≤ 0.3 for the case of the portfolio without short sales. Moreover, while allowing short sales, we considered the restrictions of −0.3 ≤ x i ≤ 0.3. Future studies could incorporate different constraints to examine the robustness of the constructed portfolio, and make a comparison. There are also other possible ways to extend the study by looking at different situations in which the copula model may perform better (i.e by using other copula models or looking at different asset allocation horizons or using multiple asset class in the portfolio or considering other frequency of asset returns). It is also good to note that so far we have examined the asset management in a portfolio, and it would be more interesting to extend the research by including the liabilities. In this context, the methodology proposed could be useful to pension managers and asset allocation purposes in pension schemes to ensure that enough assets are available to support pension liabilities. This study, therefore, can be a good benchmark for future related research.
